Introduction {#Sec1}
============

Propositional model counting (\#SAT) is the problem of determining the number of satisfying truth assignments of a given propositional formula. The problem arises in several areas of AI, in particular in the context of probabilistic reasoning \[[@CR2], [@CR15]\]. \#SAT is \#P-complete \[[@CR18]\], even for 2-CNF Horn formulas, and it is NP-hard to approximate the number of models of a formula with *n* variables within $\documentclass[12pt]{minimal}
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Since syntactic restrictions do not make the problem tractable, research generally focused on structural restrictions in terms of certain graphs associated with the input formula, which is often assumed to be in CNF. Popular graphical models are the primal graph (vertices are the variables, two variables are adjacent if they appear together in a clause), the dual graph (vertices are the clauses, two clauses are adjacent if they share a variable), and the incidence graph (vertices are variables and clauses, a variable and a clause are adjacent if the variable occurs in the clause). The structural complexity of a graph can be restricted in terms of the fundamental graph invariant *treewidth* \[[@CR14]\] By taking the treewidth of the primal, dual, or incidence graph one obtains the *primal treewidth*, the *dual treewidth*, and the *incidence treewidth* of the formula, respectively. If we consider CNF formulas for which any of the three parameters is bounded by a constant, the number of models can be computed in polynomial time. Indeed, the order of the polynomial is independent of the treewidth bound, and so \#SAT is fixed-parameter tractable (FPT) when parameterized by primal, dual or incidence treewidth.

Incidence treewidth is considered the most general parameter among the three, as any formula of primal or dual treewidth *k* has incidence treewidth at most $\documentclass[12pt]{minimal}
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In this paper, we show that algebraic techniques can be used to bring down the running time to $\documentclass[12pt]{minimal}
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                \begin{document}$$O^*(2^k)$$\end{document}$. Specifically, we prove that the most time-consuming steps can be expressed as *zeta transforms* and *covering products* of functions obtained from partial model counts. Since there are fast algorithms for computing these operations \[[@CR3]\], we obtain the desired speedup.

Preliminaries {#Sec2}
=============
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The *width* of a tree decomposition $\documentclass[12pt]{minimal}
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                \begin{document}$$ tw (G)$$\end{document}$ of a graph *G* is the minimum width over all its tree decompositions. For constant *k*, there exists a linear-time algorithm that checks whether a given graph has treewidth at most *k* and, if so, outputs a tree decomposition of minimum width \[[@CR5]\]. However, the huge constant factor in the runtime of this algorithm makes it practically infeasible. For our purposes, it suffices to obtain tree decompositions of small but not necessarily minimal width. There exist several powerful tree decomposition heuristics that construct tree decompositions of small width for many cases that are relevant in practice \[[@CR4], [@CR12]\], and the single-exponential FPT algorithm by Bodlander et al. \[[@CR6]\] produces a factor-5 approximation of treewidth.

In this paper we also consider a particular type of tree decompositions. The triple $\documentclass[12pt]{minimal}
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It is known that one can transform efficiently any tree decomposition of width *k* of a graph with *n* vertices into a nice tree decomposition of width at most *k* and at most 4*n* nodes \[[@CR11], Lemma 13.1.3\].

*Propositional Formulas.* We consider propositional formulas *F* in conjunctive normal form (CNF) represented as set of clauses. Each clause in *F* is a finite set of *literals*, and a literal is a negated or unnegated propositional *variable*. For a clause *C* we denote by $\documentclass[12pt]{minimal}
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*Incidence Treewidth.* The *incidence graph* $\documentclass[12pt]{minimal}
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Definition 1 (Zeta and Möbius Transforms) {#FPar1}
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Theorem 1 {#FPar2}
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**(Kennes** \[[@CR10]\]**).** Let *V* be an *k*-element set and let $\documentclass[12pt]{minimal}
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Definition 2 {#FPar3}
------------

The *covering product* of two functions $\documentclass[12pt]{minimal}
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The covering product can be computed using zeta and Möbius transforms by applying the following two results (see Aigner \[[@CR1]\]).

Lemma 1 {#FPar4}
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Theorem 2 (Inversion formula) {#FPar5}
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Faster Model Counting for Incidence Treewidth {#Sec3}
=============================================
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Samer and Szeider showed that the entries of the table $\documentclass[12pt]{minimal}
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The table entries for a join node can be computed as a sum of products from tables of its child nodes.
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For variable introduce nodes the table entry for each assignment and subset of clauses can be computed as a sum over table entries of the child table.
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How this translates into running time depends on the choice of computational model. Since the model count of a formula can be exponential in the number of variables, it is unrealistic to assume that arithmetic operations can be performed in constant time. Instead, we adopt a random access machine model where two *n*-bit integers can be added, subtracted, and compared in time *O*(*n*), and multiplied in time $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar15}
-----------
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Having obtained these bounds on the time required to compute the zeta transform and the covering product, we can now state improved time bounds for obtaining the entries of the tables $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar16}
-------
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Lemma 8 {#FPar18}
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Discussion {#Sec4}
==========

The space requirements of the algorithm remain unchanged by the proposed improvements. Each table $\documentclass[12pt]{minimal}
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